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Self-orthogonal codes constructed from weakly self-orthogonal
designs invariant under an action of M11
Vedrana Mikulic´ Crnkovic´ and Ivona Novak
Abstract
In this paper we generalize the construction of binary self-orthogonal codes obtained
from weakly self-orthogonal designs described by Tonchev in [12] in order to obtain self-
orthogonal codes over an arbitrary field. We extend construction self-orthogonal codes
from orbit matrices of self-orthogonal designs and weakly self-orthogonal 1-designs such
that block size is odd and block intersection numbers are even described in [5]. Also,
we generalize mentioned construction in order to obtain self-orthogonal codes over an
arbitrary field. We construct weakly self-orthogonal designs invariant under an action of
Mathieu group M11 and, from them, binary self-orthogonal codes.
1 Introduction
Codes constructed from block designs ([1], [2], [13]) and from orbit matrices ([4], [8], [9], [10],
[11]) have been extensively studied. In [12], Tonchev described some extensions of incidence
matrices of a block design which define self-orthogonal binary codes and in [5] authors study
similar extensions of orbit matrices and submatrices of orbit matrices of 1-design in order to
construct binary self-orthogonal codes from the simple group He. In [7] authors construct
self-dual codes over finite fields by extending incidence matrices and orbit matrices of a block
designs. In [3] proved that all G-invariant binary self-orthogonal codes are subcodes of the
dual code of the code spanned by the sets of fixed points of involutions of G and they classify
all M11-invariant binary self-dual codes.
An incidence structure D “ pP,B,Iq, with point set P, block set B and incidence I is
a t-pv, k, λq design, if |P| “ v, every block B P B is incident with precisely k points, and
every t distinct points are together incident with precisely λ blocks. An incidence matrix
of a t-pv, k, λq design D with b blocks is a b ˆ v matrix M “ rmi,js, where mi,j “ 1 if
point Pj is incident with block Bi, and 0 otherwise. A t-pv, k, λq design is called weakly
self-orthogonal if all the block intersection numbers have the same parity. A design is
self-orthogonal if it is weakly self-orthogonal and if the block intersection numbers and the
block size are even numbers.
An isomorphism from one design to other is a bijective mapping of points to points and
blocks to blocks which preserves incidence. An isomorphism from a design D onto itself is
called an automorphism of D. The set of all automorphisms of D forms its full automorphism
group denoted by AutpDq.
The code CFpDq of the design D over the finite field F is the space spanned by the
incidence vectors of the blocks over F. A code C over field of order q, length n, dimension
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k, and minimum weight d, is denoted by rn, k, dsq code. If q “ 2, we denote code C by
rn, k, ds code. The dual code CK is the orthogonal under the standard inner product, i.e.
CK “ tv P Fn | v ¨ c “ 0 for all c P Cu. A code C is self-orthogonal if C Ď CK. If
D is a self-orthogonal design then the binary code of the design D is self-orthogonal. The
incidence matrix M of a weakly self-orthogonal design can be extended in a certain way in
order to span self-orthogonal code. The i-th row of the matrix M will be denoted by M ris.
The all-one vector will be denoted by 1, and is the constant vector with all coordinate entries
equal to 1. Two linear codes are equivalent if they can be obtained from one another by
multiplication of the coordinate positions by non-zero field elements or by permuting the
coordinate positions. An automorphism of a code C is an isomorphism from C to C. The
full automorphism group will be denoted by AutpCq. If code CFpDq is a linear code of a
design D over a finite field F, then the full automorphism group of D is contained in the
full automorphism group of code CFpDq. Designs are obtained from transitive permutation
representations of Mathieu group M11.
M11 is simple group of order 7920 which has 39 non-equivalent transitive permutation
representations. Among others, lattice of M11 is consisted of 1 subgroup of index 22, 1
subgroup of index 55, 1 subgroup of index 66, 3 subgroups of index 110, 2subgroups of
index 132, 1 subgroup of index 144 and 1 subgroup of index 165. Subgroup of M11 with
largest index has index 3960. Using mentioned subgroups we obtained transitive permutation
representations of M11 on 22, 55, 66, 110, 132, 144 and 165 points.
In Section 2, we generalize the construction (in [12]) of binary self-orthogonal codes using
incidence matrix of weakly self-orthogonal design to obtain self-orthogonal codes over an
arbitrary finite field. In Section 3, we extend the construction (in [5]) of binary self-orthogonal
codes using orbit matrices of self-orthogonal designs and weakly self-orthogonal designs such
that block size is even and block intersection numbers are odd to all weakly self-orthogonal
designs. Also, we generalize mentioned construction in order to obtain self-orthogonal codes
over an arbitrary finite field. Finally, in Section 4 we give tables of constructed binary codes
obtained from weakly self-orthogonal designs invariant under an action of M11, constructed
using construction described in [6]. Due to computational limitations, some codes are listed
without their minimum distance and/or their automorphism groups.
2 Self-orthogonal codes obtained from WSO designs
Let D be weakly self-orthogonal design and letM be its bˆv incidence matrix. Using suitable
extension of M one can obtain self-orthogonal binary code C.
Theorem 1 Let D be weakly self-orthogonal design and let M be its bˆ v incidence matrix.
1. If D is a self-orthogonal design, than CpDq is a binary self-orthogonal code.
2. If D is such that k is even and the block intersection numbers are odd, then the matrix
rIb,M,1s, generates a binary self-orthogonal code.
3. If D is such that k is odd and the block intersection numbers are even, then the matrix
rIb,M s, generates a binary self-orthogonal code.
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4. If D is such that k is odd and the block intersection numbers are odd, then the matrix
rM,1s, generates a binary self-orthogonal code.
Proof: [12].

Previous theorem can be generalized to obtain self-orthogonal codes over finite field Fq, where
q is prime power.
Theorem 2 Let q be prime power and Fq a finite field of order q. Let D be 1 ´ pv, k, rq
design and let M be its b ˆ v incidence matrix. Let D be such that k ” a (mod q) and
|Bi X Bj | ” d (mod q), for all i, j P t1, . . . , bu, i ‰ j, where Bi and Bj are two blocks of the
design D.
1. If a “ d “ 0, than M generates a self-orthogonal code over Fq.
2. If a “ 0 and d ‰ 0, then the matrix r?d ¨ Ib,M,
?´d ¨ 1s generates a b-dimensional
self-orthogonal code over F, where F “ Fq if ´d is quadratic residue modulo q, and
F “ Fq2 otherwise.
3. If a ‰ 0 and d “ 0, then the matrix r?´a ¨ Ib,M s generates a b-dimensional self-
orthogonal code over F, where F “ Fq if ´a is quadratic residue modulo q, and F “ Fq2
otherwise. If b “ v, obtained code is self-dual.
4. If a ‰ 0 and d ‰ 0, there are two cases:
(a) if a “ d, then the matrix rM,?´a ¨ 1s generates a self-orthogonal code over F,
where F “ Fq if ´a is quadratic residue modulo q, and F “ Fq2 otherwise, and
(b) if a ‰ d, then the matrix r?d´ a ¨ Ib,M,
?´d ¨ 1s generates a b-dimensional self-
orthogonal code over F, where F “ Fq if ´d is quadratic residue modulo q, and
F “ Fq2 otherwise.
Proof:
1. Since a “ 0, it follows that
M ris ¨M ris “ k ” a (mod q) ” 0 (mod q),
and since d “ 0 it follows that
M ris ¨M rjs “ |Bi XBj | ” d (mod q) ” 0 (mod q),
for all i, j P t1, . . . , bu, i ‰ j. We conclude that M generates a self-orthogonal code over
Fq.
2. Let A “ r?d ¨ Ib,M,
?´d ¨ 1s. Then
Aris ¨ Aris “ d` k ´ d ” 0 (mod q)
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and
Aris ¨Arjs “ |Bi XBj | ´ d ” d´ d (mod q) ” 0 (mod q),
for all i, j P t1, . . . , bu, i ‰ j. We conclude that A generates a self-orthogonal code over
F, where F “ Fq if ´d is quadratic residue modulo q, and F “ Fq2 otherwise. 1
3. Let A “ r?´a ¨ Ib,M s. Then
Aris ¨Aris “ ´a` k ” 0 (mod q)
and
Aris ¨ Arjs “ |Bi XBj | ” 0 (mod q),
for all i, j P t1, . . . , bu, i ‰ j. We conclude that A generates a b-dimensional self-
orthogonal code over F, where F “ Fq if ´d is quadratic residue modulo q, and F “ Fq2
otherwise. If b “ v, dimension of a code is half of its length, so the code is self-dual.
4. (a) Let A “ rM,?´a ¨ 1s. Then
Aris ¨ Aris “ k ´ a ” 0 (mod q)
and
Aris ¨Arjs “ |Bi XBj | ´ a ” 0 (mod q),
for all i, j P t1, . . . , bu, i ‰ j. We conclude that A generates a self-orthogonal code
over F, where F “ Fq if ´d is quadratic residue modulo q, and F “ Fq2 otherwise.
(b) Let A “ r?d´ a ¨ Ib,M,
?´d ¨ 1s. Then
Aris ¨Aris “ d´ a` k ´ d ” 0 (mod q)
and
Aris ¨ Arjs “ |Bi XBj| ´ d ” 0 (mod q),
for all i, j P t1, . . . , bu, i ‰ j. We conclude that A generates a b-dimensional self-
orthogonal code over F, where F “ Fq if ´d is quadratic residue modulo q, and
F “ Fq2 otherwise.

3 Codes from orbit matrices of weakly self-orthogonal designs
Remark 3 Let D be 1´ pv, k, rq design and G be an automorphism group of the design. Let
v1 “ |V1|, . . . , vn “ |Vn| be the sizes of point orbits and b1 “ |B1|, . . . , bm “ |Bm| be the sizes
of block orbits under the action of the group G. We define an orbit matrix under the action
of G as mˆ n matrix: »
———–
a1,1 a1,2 . . . a1,n
a2,1 a2,2 . . . a2,n
...
...
. . .
...
am,1 am,2 . . . am,n
fi
ffiffiffifl ,
1Elements which are equal to 0 in Fq are also equal to 0 in Fq2 , since elements of Fq are polynomials in Fq2
of degree at most 1 with coefficients in Fq.
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where ai,j is the number of points of the orbit Vj incident with a block of the orbit Bi.
It is easy to see that the orbit matrix is well defined and that k “ řnj“1 ai,j.
For x P Bs, by counting the incidence pairs pP, x1q such that x1 P Bt and P is incident with
the block x, we obtain
ř
x1PBt
|xX x1| “ řnj“1 btvj as,jat,j.
Remark 4 Let D be 1´pv, k, rq design such that k ” a (mod q) and |BiXBj| ” d (mod q),
for all i, j P t1, . . . , bu, i ‰ j, where Bi and Bj are two blocks of the design D. Let G be an
automorphism group of the design which acts on D with n point orbits of length w and block
orbits of length b1, b2, . . . , bm, and let O be an orbit matrix of a design D under the action of
the group G. From previous remark, for x P Bs and s ‰ t one concludes that
bt
w
Orss ¨Orts “
nÿ
j“1
bt
w
as,jat,j
“
ÿ
x1PBt
|xX x1|.
It follows that
bt
w
Orss ¨Orts ” btd (mod q).
Similar, for x P Bs one can conclude that
bt
w
Orss ¨Orss “
ÿ
x1PBs
|xX x1|
“ |xX x| `
ÿ
x1PBs, x‰x1
|xX x1|.
It follows that
bs
w
Orss ¨Orss ” a` pbs ´ 1qd (mod q).
Let D be 1 ´ pv, k, rq design and G an automorphism group of D acting with f1 fixed
points and n point orbits of length q ą 1, and with f2 fixed blocks and m block orbits of
length q. We define matrices OM1 and OM2 to be, respectively, the matrices
»
———–
a1,1 a1,2 . . . a1,f1
a2,1 a2,2 . . . a2,f1
...
...
. . .
...
af2,1 af2,2 . . . af2,f1
fi
ffiffiffifl
and »
———–
af2`1,f1`1 af2`1,f1`2 . . . af2`1,f1`n
af2`2,f1`1 af2`2,f1`2 . . . af2`2,f1`n
...
...
. . .
...
af2`m,f1`1 af2`m,f1`2 . . . af2`m,f1`n
fi
ffiffiffifl ,
where the columns 1, 2, . . . , f1 correspond to the fixed points and the rows 1, 2, . . . , f2 corre-
spond to the fixed blocks.
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Remark 5 a) If B1 and B2 are blocks fixed under the action of group G on the design,
then B1, B2 and B1 XB2 are unions of some G-orbits of the point set.
b) Let Bt and Bs be block orbits of size q under the action of the group G on the design.
It follows from Remark 3 that
ÿ
x1PBt
|xX x1| “
f1ÿ
j“1
bt
vj
as,jat,j `
f1`nÿ
j“f1`1
bt
vj
as,jat,j “ q
f1ÿ
j“1
as,jat,j `
f1`nÿ
j“f1`1
as,jat,j .
3.1 Codes from orbit matrices of self-orthogonal 1-designs
Theorem 6 Let D be a self-orthogonal 1-design and G be an automorphism group of the
design which acts on D with n point orbits of length w and block orbits of length b1, b2, . . . , bm
such that bi “ 2o ¨ b1i, w “ 2u ¨w1, o ď u, 2 ffl b1i and 2 ffl w1, for i P t1, . . . ,mu. Then the binary
code spanned by the rows of orbit matrix of the design D (under the action of the group G)
is a self-orthogonal code of length v
w
.
Proof: In [5].

Using the following theorem, one can use orbit matrices of a self-orthogonal design to con-
struct self-orthogonal codes over Fq, where q is prime power.
Theorem 7 Let q be prime power and Fq a finite field of order q. Let D be a 1 ´ pv, k, rq
design such that k ” 0 (mod q) and |Bi X Bj| ” 0 (mod q), for all i, j P t1, . . . , bu, i ‰ j,
where Bi and Bj are two blocks of the design D, and let G be an automorphism group of the
design which acts on D with n point orbits of length w and m block orbits of length w. Then
the binary linear code spanned by the rows of orbit matrix of the design D (under the action
of the group G) is a self-orthogonal code over Fq of length
v
w
with dimension equal to rankO.
Proof: Let O be the orbit matrix of a design D under the action of G. Form Remark 4 it
follows that Orss ¨Orts ” 0 (mod q), and Orss ¨Orss ” 0 (mod q), for all s, t P t1, . . . ,mu.

Theorem 8 Let D be a self-orthogonal 1´pv, k, rq design and G be an automorphism group
of D acting with f1 fixed points and n point orbits of length 2, and with f2 fixed blocks and
m block orbits of length 2. Then
1. the binary linear code spanned by the matrix OM1 is a binary self-orthogonal code of
length f1 and dimension rankpOM1q;
2. the binary linear code spanned by the matrix OM2 is a binary self-orthogonal code of
length n and dimension rankpOM2q.
Proof: In [5].

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We generalize previous theorem to obtain self-orthogonal codes over Fq, where q is a prime
power.
Theorem 9 Let q be prime power and Fq a finite field of order q. Let D be a 1 ´ pv, k, rq
design such that k ” 0 (mod q) and |Bi X Bj| ” 0 (mod q), for all i, j P t1, . . . , bu, i ‰ j,
where Bi and Bj are two blocks of the design D, and let G be an automorphism group of the
design which acts on D with f1 fixed points and n point orbits of length q, and with f2 fixed
blocks and m block orbits of length q. Then
1. the linear code spanned by the matrix OM1 is a self-orthogonal rf1, rankpOM1qs code
over the field Fq.
2. the linear code spanned by the matrix OM2 is a self-orthogonal rn, rankpOM2qs code
over the field Fq.
Proof:
1. Since k ” 0 (mod q), each block contains q¨α fixed points and since |BiXBj| ” 0 (mod q),
for all i, j P t1, . . . , bu, i ‰ j, intersection of every two blocks contains q ¨β fixed points.
Therefore, it follows that the matrix OM1 spans a self-orthogonal code over the field
Fq.
2. From Remark 5, for s ‰ t, since Bt is block orbit of size q, it follows that
ÿ
x1PBt
|xX x1| ” 0 (mod q),
and for s “ t it follows that
ÿ
x1PBs
|xX x1| “ |xX x| `
ÿ
x1PBs,x‰x1
|xX x1| ” 0` pq ´ 1q0 (mod q).
We conclude thatOM2rss¨OM2rts ” 0 (mod q), for s ‰ t andOM2rss¨OM2rss ” 0 (mod q)
and that the binary code spanned by the matrix OM2 is self-orthogonal over the field
Fq.

3.2 Codes from orbit matrices of extended weakly self-orthogonal 1-designs
with k even and odd block intersection numbers
Theorem 10 Let D be a weakly self-orthogonal 1-design such that k is even and the block
intersection numbers are odd, and let G be an automorphism group of the design which acts
on D with n point orbits of length w and block orbits of length b1, b2, . . . , bm such that bi “
2o ¨ b1i, w “ 2u ¨w1, o ď u, 2 ffl b1i and 2 ffl w1 for i P t1, . . . ,mu. Let O be the orbit matrix of D
under action of the group G.
a) If o “ u “ 0, then the binary linear code spanned by the rows of the matrix rIm, O,1s
is a self-orthogonal code of the length m` v
w
` 1 and dimension m.
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b) If o ě 1 and o “ u then the binary linear code spanned by the rows of the matrix rIm, Os
is a self-orthogonal code of the length m` v
w
and dimension m. If m “ n, the obtained
code is self-dual.
c) If o ă u, then binary linear code spanned by the rows of the matrix O is a self-orthogonal
code of the length v
w
and dimension rankO.
Proof:
a) Since w, b1, . . . , bm are all odd numbers, it follows from Remark 4 that
Orss ¨Orts ” 1 (mod 2), Orss ¨Orss ” 0 (mod 2),
for all s, t P t1, . . . ,mu, s ‰ t.
b) Since w, b1, . . . , bm are all even numbers and
bt
w
“ 2o¨b1t
2o¨w1 “ b
1
t
w1
, for every t P t1, . . . ,mu,
it follows from Remark 4 that
Orss ¨Orts ” 0 (mod 2), Orss ¨Orss ” 1 (mod 2),
for all s, t P t1, . . . ,mu.
c) Since o ă u and since bt
w
Orss¨Orts “ b
1
t
2u´ow1
Orss¨Orts is a positive integer from Remark
4, it follows that 2 | Orss ¨Orts, for all s, t P t1, . . . ,mu.

One can generalize previous theorem to construct a self-orthogonal code over Fq, where q is
a prime power. The following theorem describes the construction.
Theorem 11 Let q be prime power and Fq a finite field of order q. Let D be 1 ´ pv, k, rq
design such that k ” 0 (mod q) and |Bi X Bj | ” d (mod q), for all i, j P t1, . . . , bu, i ‰ j,
where Bi and Bj are two blocks of the design D, and let G be an automorphism group of the
design which acts on D with n point orbits of length w and m block orbits of length w and let
O be the orbit matrix of D under action of the group G.
a) If q | w, then linear code spanned by the rows of the matrix A “ r?´dIm, Os is a
self-orthogonal rm` n,ms code over the field F, where F “ Fq if d is square root in Fq,
and F “ Fq2 otherwise. If m “ n, tha obtained code is self-dual.
b) If q | w´1, then linear code spanned by the rows of the matrix A “ r?wdIm, O,
?´wd1s
is a self-orthogonal rm` n ` 1,ms code over the field F, where F “ Fq if wd is square
root in Fq, and F “ Fq2 otherwise.
c) If q ffl w and q ffl w ´ 1, then linear code spanned by the rows of the matrix A “
rawd ´ pw ´ 1qdIm, O,
?´wd1s is a self-orthogonal rm` n` 1,ms code over the field
F, where F “ Fq if ´wd is square root in Fq, and F “ Fq2 otherwise.
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Proof: It follows from Remark 4 that Orss ¨ Orts ” wd (mod q), for s ‰ t and Orss ¨
Orss ” pw ´ 1qd (mod q).
a) If q | w, then Arss ¨ Arts “ Orss ¨ Orts ” 0 (mod q) and Arss ¨ Arss “ ´d ` Orss ¨
Orss ” 0 (mod q).
b) If q | w ´ 1, then Arss ¨ Arts “ Orss ¨ Orts ´ wd ” 0 (mod q) and Arss ¨ Arss “ wd `
Orss ¨Orss ´ wd ” 0 (mod q).
c) If q ffl w and q ffl w´1, then Arss ¨Arts “ Orss ¨Orts´wd ” 0 (mod q) and Arss ¨Arss “
wd´ pw ´ 1qd`Orss ¨Orss ´ wd ” 0 (mod q).

Theorem 12 Let D be a weakly self-orthogonal 1 ´ pv, k, rq design such that k is even and
block intersection numbers are odd. Let G be an automorphism group of D acting with f1
fixed points and n point orbits of length 2, and with f2 fixed blocks and m block orbits of length
2. Then
1. the binary linear code spanned by the matrix rIf2 , OM1,1s is a self-orthogonal code of
length f2 ` f1 ` 1 and dimension f2,
2. the binary linear code spanned by the matrix rIm, OM2s is a self-orthogonal code of
length m` n and dimension m. If m “ n, the obtained code is self-dual.
Proof:
1. Since k is even, each block contains even number of fixed points and since block in-
tersection numbers are odd, intersection of every two blocks contains odd number of
fixed points. Therefore, it follows that the matrix rIf2 , OM1,1s spans a binary self-
orthogonal code.
2. For s ‰ t, since Bt is block orbit of size 2, it follows form Remark 5 that
ÿ
x1PBt
|xX x1| ” 2 ¨ 1 (mod 2) ” 0 (mod 2),
and for s “ t,
ÿ
x1PBs
|xX x1| “ |xX x| `
ÿ
x1PBs,x‰x1
|xX x1| ” 0` 1 (mod 2).
We conclude that
řf1`n
j“f1`1
as,jat,j ” 0 (mod 2), for s ‰ t and
řf1`n
j“f1`1
as,jas,j ” 1 (mod 2)
and that the binary code spanned by the matrix rIm, OM2s is self-orthogonal. Ifm “ n,
dimension of the code is half of its length, so the code is self-dual.

We generalize previous theorem to obtain self-orthogonal codes over Fq, where q is a prime
power.
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Theorem 13 Let q be prime power and Fq a finite field of order q. Let D be 1 ´ pv, k, rq
design such that k ” 0 (mod q) and |Bi X Bj | ” d (mod q), for all i, j P t1, . . . , bu, i ‰ j,
where Bi and Bj are two blocks of the design D, and let G be an automorphism group of the
design which acts on D with f1 fixed points and n point orbits of length q, and with f2 fixed
blocks and m block orbits of length q. Then
1. linear code spanned by the matrix r?´d ¨ If2 , OM1,
?´d ¨ 1s is a self-orthogonal rf2 `
f1 ` 1, f2s code over the field F, where F “ Fq if d is square root in Fq, and F “ Fq2
otherwise.
2. linear code spanned by the matrix ra´pq ´ 1qd¨Im, OM2s is a self-orthogonal rm`n,ms
code over the field F, where F “ Fq if d is square root in Fq, and F “ Fq2 otherwise. If
m “ n, the obtained code is self-dual.
Proof:
1. Since k ” 0 (mod q), each block contains q¨α fixed points and since |BiXBj| ” d (mod q),
for all i, j P t1, . . . , bu, i ‰ j,, intersection of every two blocks contains q ¨ β ` d fixed
points. Therefore, it follows that the matrix r?´d ¨ Im, OM1,
?´d ¨ 1s spans a self-
orthogonal code of length f2 ` f1 ` 1 over the field F.
2. For s ‰ t, since Bt is block orbit of size q, it follows from Remark 5 that
ÿ
x1PBt
|xX x1| ” qd (mod q) ” 0 (mod q),
and if s “ t it follows that
ÿ
x1PBs
|xX x1| “ |xX x| `
ÿ
x1PBs,x‰x1
|xX x1| ” 0` pq ´ 1qd (mod q).
We conclude thatOM2rss¨OM2rts ” 0 (mod q), for s ‰ t andOM2rss¨OM2rss ” pq ´ 1qd (mod q)
and that the binary code spanned by the matrix r
a
´pq ´ 1qd ¨ Im, OM2s is self-
orthogonal over the field F.

3.3 Codes from orbit matrices of extended weakly self-orthogonal 1-designs
with k odd and even block intersection numbers
Theorem 14 Let D be a weakly self-orthogonal 1-design such that k is odd and the block
intersection numbers are even and G be an automorphism group of the design which acts on
D with n point orbits of length w and block orbits b1, b2, . . . , bm such that bi “ 2o ¨ b1i, w “
2u ¨ w1, o ď u, 2 ffl b1i and 2 ffl w1, for i P t1, . . . ,mu. Let O be the orbit matrix of D under
action of the group G.
a) If o “ u, then he binary linear code spanned by the rows of matrix rIm, Os is a self-
orthogonal code of length m ` v
w
and dimension m. If m “ n, the obtained code is
self-dual.
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b) If o ă u, then he binary linear code spanned by the rows of matrix O is a self-orthogonal
code of length v
w
and dimension rankO.
Proof: In [5].

One can generalize previous theorem to construct a self-orthogonal code over Fq, where q is
a prime power. The following theorem describes the construction.
Theorem 15 Let q be prime power and Fq a finite field of order q. Let D be 1 ´ pv, k, rq
design such that k ” a (mod q) and |Bi X Bj | ” 0 (mod q), for all i, j P t1, . . . , bu, i ‰ j,
where Bi and Bj are two blocks of the design D, and let G be an automorphism group of the
design which acts on D with n point orbits of length w and m block orbits of length w. Then
the linear code spanned by the rows of matrix A “ r?´aIm, Os, where O is the orbit matrix
of the design D (under the action of the group G), is a self-orthogonal rm`n,ms code over F,
where F “ Fq if a is a square root modulo q, and F “ Fq2 otherwise. If m “ n, the obtained
code is self-dual.
Proof: From Remark 4 it follows that Orss ¨Orts ” 0 (mod q), and Orss ¨Orss ” a (mod q),
so the rows of A “ r?´aIm, Os generates self-orthogonal code. If m “ n, the dimension of
the code is half of its length, so the code is self-dual.

Theorem 16 Let D be a weakly self-orthogonal 1 ´ pv, k, rq design such that k is odd and
block intersection numbers are even. Let G be an automorphism group of D acting with f1
fixed points and n point orbits of length 2, and with f2 fixed blocks and m block orbits of length
2. Then
1. the binary linear code spanned by the matrix rIf2 , OM1s is a binary self-orthogonal code
of length f2 ` f1 and dimension f2;
2. the binary linear code spanned by the matrix rIm, OM2s is a self-orthogonal code of
length m` n and dimension m.
Proof: In [5].

We generalize previous theorem to obtain self-orthogonal codes over Fq, where q is a prime
power.
Theorem 17 Let q be prime power and Fq a finite field of order q. Let D be 1 ´ pv, k, rq
design such that k ” a (mod q) and |Bi X Bj | ” 0 (mod q), for all i, j P t1, . . . , bu, i ‰ j,
where Bi and Bj are two blocks of the design D, and let G be an automorphism group of the
design which acts on D with f1 fixed points and n point orbits of length q, and with f2 fixed
blocks and m block orbits of length q. Then
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1. the linear code spanned by the matrix r?´a ¨ If2 , OM1s is a self-orthogonal rf2` f1, f2s
code over the field F, where F “ Fq if a is square root in Fq, and F “ Fq2 otherwise.
2. the linear code spanned by the matrix r?´a ¨ Im, OM2s is a self-orthogonal rm` n,ms
code over the field F, where F “ Fq if a is square root in Fq, and F “ Fq2 otherwise. If
m “ n, the obtained code is self-dual.
Proof:
1. Since k ” a (mod q), each block contains q¨α`a fixed points and since |BiXBj| ” 0 (mod q),
for all i, j P t1, . . . , bu, i ‰ j, intersection of every two blocks contains q ¨β fixed points.
Therefore, it follows that the matrix r?´a ¨ Im, OM1s spans a self-orthogonal code of
length f2 ` f1 ` 1 over the field F.
2. For s ‰ t, since Bt is block orbit of size q, it follows from Remark 5 that
ÿ
x1PBt
|xX x1| ” 0 (mod q),
and for s “ t it follows that
ÿ
x1PBs
|xX x1| “ |xX x| `
ÿ
x1PBs,x‰x1
|xX x1| ” a` 0 (mod q).
We conclude thatOM2rss¨OM2rts ” 0 (mod q), for s ‰ t andOM2rss¨OM2rss ” a (mod q)
and that the binary code spanned by the matrix r?´a ¨ Im, OM2s is self-orthogonal
over the field F.

3.4 Codes from orbit matrices of extended weakly self-orthogonal 1-designs
with k odd and odd block intersection numbers
Theorem 18 Let D be a weakly self-orthogonal 1-design such that k is odd and the block
intersection numbers are odd and G be an automorphism group of the design which acts on
D with n point orbits of length w and block orbits of length b1, b2, . . . , bm such that bi “
2o ¨ b1i, w “ 2u ¨ w1, o ď u, 2 ffl b1i and 2 ffl w1, for i P t1, . . . ,mu. Let O be the orbit matrix of
D under action of the group G.
a) If o “ u “ 0, then the binary linear code spanned by the rows of the matrix rO,1s is a
self-orthogonal code of the length v
w
` 1 and dimension rankO.
b) Otherwise, the binary linear code spanned by the rows of the matrix O is a self-orthogonal
code of the length v
w
and dimension rankO.
Proof:
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a) If o “ u “ 0, it follows from Remark 4 that
bt
w
Orss ¨Orts ” 1 (mod 2)
and
bs
w
Orss ¨Orss ” 1 (mod 2)
for all s, t P t1, . . . ,mu. Since w, b1, . . . , bs are odd numbers, it follows that Orss ¨
Orts ” 1 (mod 2) and Orss ¨Orss ” 1 (mod 2).
b) If o “ u ą 1, it follows Remark 4 that
b1t
w1
Orss ¨Orts ” 0 (mod 2)
for all s, t P t1, . . . ,mu. Since w1, b1
1
, . . . , b1s are odd numbers, it follows that Orss ¨
Orts ” 0 (mod 2) and Orss ¨Orss ” 0 (mod 2).
If 1 ă o ă u, it follows Remark 4 that
b1s
2u´o ¨ w1Orss ¨Orts ” 0 (mod 2)
for all s, t P t1, . . . ,mu and since b
1
s
2u´o ¨ w1Orss ¨ Orts has to be a positive integer, it
follows that Orss ¨Orts ” 0 (mod 2) and Orss ¨Orss ” 0 (mod 2).

One can generalize previous theorem to construct a self-orthogonal code over Fq, where q is
a prime power. The following theorem describes the construction.
Theorem 19 Let q be prime power and Fq a finite field of order q. Let D be 1 ´ pv, k, rq
design such that k ” a (mod q) and |Bi X Bj| ” d (mod q), for all i, j P t1, . . . , bu, i ‰ j,
where Bi and Bj are two blocks of the design D, and let G be an automorphism group of the
design which acts on D with n point orbits of length w and m block orbits of length w and let
O be the orbit matrix of D under action of the group G.
• If a “ d we differ two cases.
a) If q | w, then linear code spanned by the rows of the matrix O is a self-orthogonal
rm, rankOs code over the field Fq.
b) If q ffl w, then linear code spanned by the rows of the matrix A “ rO,?´wd1s is a
self-orthogonal rm` 1, rankOs code over the field F, where F “ Fq if ´a is square
root in Fq, and F “ Fq2 otherwise.
• If a ‰ d, we differ three cases.
a) If q | w, then linear code spanned by the rows of the matrix A “ r?d´ aIm, Os is
a self-orthogonal rm` n,ms code over the field F, where F “ Fq if d´ a is square
root in Fq, and F “ Fq2 otherwise. If m “ n, the obtained code is self-dual.
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b) If q | w´1, then linear code spanned by the rows of the matrix A “ r?wd´ aIm, O,
?´dw1s
is a self-orthogonal rm` n ` 1,ms code over the field F, where F “ Fq if ´wd is
square root in Fq, and F “ Fq2 otherwise.
c) If q ffl w and q ffl w ´ 1, then binary linear code spanned by the rows of the matrix
A “ r?d´ aIm, O,
?´wd1s is a self-orthogonal rm`n` 1,ms code over the field
F, where F “ Fq if ´wd is square root in Fq, and F “ Fq2 otherwise.
Proof:
• If a “ d, it follows form Remark 4 that Orss ¨Orts ” dw (mod q), for s, t P t1, . . . ,mu.
It is now easy to see that O generates self-orthogonal code if q | w, and that A “
rO,?´dw1s generates self-orthogonal code otherwise.
• If a ‰ d, it follows from Remark 4 that Orss ¨ Orts ” dw (mod q), for s ‰ t and
Orss ¨Orss ” a´ d` wd (mod q).
a) If q | w, then Orss ¨Orts ” 0 (mod q), and Orss ¨Orts ” a´ d (mod q). The matrix
r?d´ aIm, Os generates self-orthogonal rm` n,ms code. If m “ n, dimension of
the code is half of its length, so the code is self-dual.
b) If q | w´1, then Orss¨Orts ” wd (mod q), and Orss¨Orts ” a (mod q). The matrix
r?wd´ aIm, O,
?´wd10s generates self-orthogonal rm` n` 1,ms code.
c) If q ffl w and q ffl w´1, thenOrss¨Orts ” wd (mod q), andOrss¨Orts ” a´ d` wd (mod q).
The matrix r?d´ aIm, O,
?´wd10s generates self-orthogonal rm`n`1,ms code.

Theorem 20 Let D be a weakly self-orthogonal 1 ´ pv, k, rq design such that k is odd and
block intersection numbers are odd. Let G be an automorphism group of D acting with f1
fixed points and n point orbits of length 2, and with f2 fixed blocks and m block orbits of length
2. Then
1. the binary linear code spanned by the matrix rOM1,1s is a self-orthogonal code of length
f1 ` 1 and dimension rankpOM1q,
2. the binary linear code spanned by the matrix OM2 is a self-orthogonal code of length n
and dimension rankpOM2q.
Proof:
1. Since k is odd, each block contains odd number of fixed points and since block inter-
section numbers are odd, intersection of every two blocks contains odd number of fixed
points. Therefore, it follows that the matrix rOM1,1s spans a binary self-orthogonal
code.
2. Let Bt and Bs be block orbits of size 2 under the action of the group G on the design.
For s ‰ t, since Bt is block orbit of size 2, it follows from Remark 5 that
ÿ
x1PBt
|xX x1| ” 2 (mod 2) ” 0 (mod 2),
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and for s “ t, it follows that
ÿ
x1PBs
|xX x1| “ |xX x| `
ÿ
x1PBs,x‰x1
|xX x1| ” 1` 1 (mod 2).
We conclude that
řf1`n
j“f1`1
as,jat,j ” 0 (mod 2), for s ‰ t and
řf1`n
j“f1`1
as,jas,j ” 0 (mod 2)
and that the binary code spanned by the matrix OM2 is self-orthogonal.

We generalize previous theorem to obtain self-orthogonal codes over Fq, where q is a prime
power.
Theorem 21 Let q be prime power and Fq a finite field of order q. Let D be 1 ´ pv, k, rq
design such that k ” a (mod q) and |Bi X Bj| ” d (mod q), for all i, j P t1, . . . , bu, i ‰ j,
where Bi and Bj are two blocks of the design D, and let G be an automorphism group of the
design which acts on D with f1 fixed points and n point orbits of length q, and with f2 fixed
blocks and m block orbits of length q.
Then
• If a “ q, we differ two cases.
1. the linear code spanned by the matrix rOM1,?´a1s is a self-orthogonal rf1 `
1, rankpOM1qs code over the field F, where F “ Fq if a is square root in Fq, and
F “ Fq2 otherwise.
2. the linear code spanned by the matrix OM2 is a self-orthogonal rn, rankpOM2qs
code of length over the field Fq.
• If a ‰ q, we differ two cases.
1. the linear code spanned by the matrix r?a´ d¨If2 , OM1,
?´a1s is a self-orthogonal
rf2 ` f1 ` 1, f2s code over the field F, where F “ Fq if d is square root in Fq, and
F “ Fq2 otherwise.
2. the linear code spanned by the matrix r?a´ d ¨Im, OM2s is a self-orthogonal rm`
n,ms code over the field F, where F “ Fq if d is square root in Fq, and F “ Fq2
otherwise. If m “ n, the obtained code is self-dual.
Proof:
1. Since k ” a (mod q), each block contains q¨α`a fixed points and since |BiXBj| ” d (mod q),
for all i, j P t1, . . . , bu, i ‰ j,, intersection of every two blocks contains q ¨ β ` d fixed
points. Therefore, if a “ d, it follows that the matrix rOM1,?´a1s spans a self-
orthogonal rf1 ` 1, rankpOM1qs code over the field F, and if a ‰ d, it follows that the
matrix r?d´ a ¨If2 , OM1,
?´a1s spans a self-orthogonal rf2`f1`1, f2s code over the
field F.
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2. For s ‰ t, since Bt is block orbit of size q, it follows from Remark 5 that
ÿ
x1PBt
|xX x1| ” qd (mod q) ” 0 (mod q),
and for s “ t it follows that
ÿ
x1PBs
|xX x1| “ |xX x| `
ÿ
x1PBs,x‰x1
|xX x1| ” a` pq ´ 1qd (mod q).
It follows thatOM2rss¨OM2rts ” 0 (mod q), for s ‰ t andOM2rss¨OM2rss ” a´ d (mod q).
If a “ d, then the code spanned by the matrix OM2 is self-orthogonal rn, rankpOM2qs
code over Fq, and if a ‰ d, it follows that the code spanned by the matrix r
?
d´ a ¨
Im, OM2s is self-orthogonal rnm ` n, ns code over the field F. If m “ n, dimension of
the code is half of its length, so the code is self-dual.

4 Results
Theorem 22 Let G be a finite permutation group acting transitively on the set Ω of size n.
Let α P Ω and ∆ “ Ťsi“1 δiGα, where δi, . . . , δs P Ω are representatives of distinct Gα-orbits.
If ∆ ‰ Ω and
B “ t∆g | g P Gu,
then D “ pΩ,Bq is 1´ pn, |∆|, |Gα||G∆|
řn
i“1 |αGδi |q design with m¨|Gα||G∆| blocks.
Proof: In [6].

Using this construction, we constructed 178 pairwise non-isomorphic weakly self-orthogonal
1-designs on 22, 55, 66, 110, 132, 144 and 165 points invariant under an action of M11. Pre-
cisely, 4 designs on 22 points, 2 designs on 55 points, 6 designs on 66 points, 41 designs on
110 points, 76 designs on 132 points, 26 designs on 144 points and 20 designs on 165 points.
Using Theorem 1, from constructed designs, we obtained binary self-orthogonal codes. Op-
timal codes will be denoted with ˚. All tables will be ordered by four cases of weakly
self-orthogonal designs.
Case 1. Codes obtained from self-orthogonal designs.
Case 2. Codes obtained from weakly self-orthogonal designs such that block sizes are even and
block intersection numbers are odd.
Case 3. Codes obtained from weakly self-orthogonal designs such that block sizes are odd and
block intersection numbers are even.
Case 4. Codes obtained from weakly self-orthogonal designs such that block sizes are odd and
block intersection numbers are odd.
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C AutC or #AutC Design
r22, 10, 4s Z2 ˆ pE210 : S11q 1´ p22, 10, 10q
r22, 11, 2s Z2 ˆ pE210 : S11q 1´ p22, 2, 1q
r66, 10, 20s S12 1´ p66, 20, 20q
r66, 11, 20s S12 1´ p66, 46, 46q
r110, 44, 8s 255 ¨ 11! 1´ p110, 72, 36q
r110, 10, 20s 255 ¨ 11! 1´ p110, 36, 18q
r110, 54, 4s 255 ¨ 55! 1´ p110, 108, 54q
r110, 11, 20s 255 ¨ 11! 1´ p110, 74, 37q
r110, 45, 6s 255 ¨ 11! 1´ p110, 38, 19q
r110, 11, 10s 11! ¨ p10!q11 1´ p110, 10, 1q
r110, 55, 6s S11 1´ p110, 18, 9q
r110, 11, 20s 255 ¨ 11! 1´ p110, 74, 37q
r110, 10, 20s 11! ¨ p10!q11 1´ p110, 20, 10q
r110, 54, 8s S11 1´ p110, 28, 28q
r132, 54, 16s M11 1´ p132, 20, 20q
r132, 22, 6s 22! ¨ p6!q22 1´ p132, 6, 1q
r132, 21, 12s 22! ¨ p6!q22 1´ p132, 60, 60q
r132, 65, 12s M11 1´ p132, 40, 40q
r132, 66, 6s M11 1´ p132, 26, 26q
r132, 11, 12s 11! ¨ p12!q11 1´ p132, 12, 1q
r132, 11, 24s 61440 ¨ 12! ¨ p6!q21 1´ p132, 66, 6q
r132, 55, 16s M11 1´ p132, 46, 46q
r132, 55, 16s M11 1´ p132, 46, 46q
r132, 45, 20s M11 1´ p132, 32, 32q
r132, 44, 24s M11 1´ p132, 100, 100q
r132, 10, 24s 11! ¨ p12!q11 1´ p132, 120, 10q
r132, 55, 12s M11 1´ p132, 112, 112q
r132, 54, 8s 266 ¨ 12! 1´ p132, 60, 30q
r132, 22, 22s 266 ¨ 7920 1´ p132, 30, 15q
r132, 66, 2s 266 ¨ 66! 1´ p132, 2, 1q
r132, 65, 4s 266 ¨ 66! 1´ p132, 20, 20q
r132, 45, 16s 266 ¨ 7920 1´ p132, 32, 16q
r132, 21, 32s 266 ¨ 7920 1´ p132, 80, 80q
r132, 55, 6s 266 ¨ 12! 1´ p132, 50, 50q
r132, 11, 40s 266 ¨ 12! 1´ p132, 92, 46q
r132, 11, 22s 266 ¨ 12! 1´ p132, 22, 2q
r132, 11, 40s 266 ¨ 12! 1´ p132, 110, 10q
r132, 10, 40s 266 ¨ 12! 1´ p132, 40, 20q
r132, 55, 8s 266 ¨ 12! 1´ p132, 82, 82q
r132, 44, 16s 266 ¨ 7920 1´ p132, 100, 50q
r132, 55, 8s 266 ¨ 12! 1´ p132, 72, 36q
r144, 12, 12s 94513 ¨ 792013 ¨ 278 1´ p144, 12, 1q
r144, 56, 20s M12 : Z2 1´ p144, 56, 56q
r144, 46, 22s M12 : Z2 1´ p144, 66, 30q
r165, 54, 20s M11 1´ p165, 48, 48q
r165, 44, 32s M11 1´ p165, 72, 72q
r165, 10, 72s S11 1´ p165, 80, 80q
Table 1: Non-trivial binary pairwise non-equivalent self-orthogonal codes obtained from self-
orthogonal designs using Theorem 1 (Case 1)
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C AutC or #AutC Design
r111, 55, 4s 54´ p55, 54, 1q
r331, 165, 12s 1´ p165, 116, 116q
r331, 165, 8s 1´ p165, 84, 84q
r331, 165, 12s 1´ p165, 36, 36q
Table 2: Non-trivial binary self-orthogonal codes obtained from weakly self-orthogonal designs using
Theorem 1 (Case 2)
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C AutC or #AutC Design
r44, 22, 2s 222 ¨ 22! 1´ p22, 1, 1q
r44, 22, 4s 222 ¨ 22! 21 ´ p22, 21, 1q
r110, 55, 2s 255 ¨ 55! 1´ p55, 1, 1q
r132, 66, 2s 266 ¨ 66! 1´ p66, 1, 1q
r132, 66, 6s 1 ´ p66, 21, 21q
r132, 66, 8s 1 ´ p66, 45, 45q
r132, 66, 4s 65 ´ p66, 65, 1qq
r220, 110, 2s 2110 ¨ 110! 1 ´ p110, 1, 1qq
r220, 110, 4s 1´ p110, 73, 73qq
r220, 110, 4s 1´ p110, 37, 37qq
r220, 110, 4s 109 ´ p110, 109, 1qq
r220, 110, 4s 1´ p110, 73, 73q
r220, 110, 4s 1´ p110, 37, 37q
r220, 110, 4s 1 ´ p110, 9, 9q
r220, 110, 4s 1´ p110, 73, 73q
r220, 110, 8s 1´ p110, 81, 81q
r220, 110, 8s 1´ p110, 29, 29q
r220, 110, 4s 1´ p110, 37, 37q
r220, 110, 4s 1 ´ p110, 101, 101q
r264, 132, 2s 1 ´ p132, 1, 1q
r264, 132, 4s 1 ´ p132, 5, 5q
r144, 12, 12s 1 ´ p132, 11, 1q
r264, 132, 12s 1´ p132, 21, 21q
r264, 132, 4s 1 ´ p132, 7, 7q
r264, 132, 10s 1´ p132, 25, 25q
r264, 132, 4s 1´ p132, 11, 11q
r264, 132, 12s 1´ p132, 27, 27q
r144, 12, 56s 1 ´ p132, 55, 5q
r264, 132, 12s 1´ p132, 31, 31q
r264, 132, 12s 1 ´ p132, 101, 101q
r144, 12, 58s 1 ´ p132, 77, 7q
r264, 132, 12s 1 ´ p132, 105, 105q
r264, 132, 4s 1 ´ p132, 121, 121q
r264, 132, 12s 1 ´ p132, 107, 107q
r264, 132, 4s 1 ´ p132, 125, 125q
r264, 132, 12s 1 ´ p132, 111, 111q
r144, 12, 22s 1´ p132, 121, 11q
r264, 132, 4s 1 ´ p132, 127, 127q
r264, 132, 4s 131 ´ p132, 131, 1q
r264, 132, 4s 1´ p132, 61, 61q
r144, 12, 12s 1 ´ p132, 11, 1q
r264, 132, 4s 1´ p132, 31, 31q
r264, 132, 4s 1´ p132, 91, 91q
r264, 132, 4s 1´ p132, 41, 41q
r264, 132, 4s 1 ´ p132, 101, 101q
r144, 12, 22s 1´ p132, 121, 11q
r264, 132, 4s 1´ p132, 71, 71q
r288, 144, 2s 1 ´ p144, 1, 1q
r288, 144, 4s 1´ p144, 11, 11q
r288, 144, 12s 1´ p144, 11, 11q
r288, 144s 1´ p144, 55, 55q
r288, 144s 1´ p144, 23, 23q
r288, 144s 1´ p144, 23, 23q
r288, 144s 1´ p144, 67, 67q
r288, 144s 1´ p144, 67, 67q
r288, 144s 1´ p144, 67, 67q
r288, 144s 1´ p144, 67, 67q
r288, 144s 1´ p144, 77, 77q
r288, 144s 1´ p144, 77, 77q
r288, 144s 1´ p144, 77, 77q
r288, 144s 1´ p144, 77, 77q
r288, 144s 1 ´ p144, 121, 121q
r288, 144s 1 ´ p144, 121, 121q
r288, 144s 1´ p144, 89, 89q
r288, 144s 1 ´ p144, 133, 133q
r288, 144s 1 ´ p144, 133, 133q
r288, 144s 143 ´ p144, 143, 1q
r330, 165, 12s 1 ´ p165, 129, 129q
r330, 165, 8s 1´ p165, 81, 81q
r330, 165, 12s 1´ p165, 49, 49q
Table 3: Non-trivial binary self-orthogonal codes obtained from weakly self-orthogonal designs using
Theorem 1 (Case 3)
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C AutC or #AutC Design
r166, 55, 20s M11 1´ p165, 109, 109q
r166, 45, 26s M11 1´ p165, 61, 61q
r166, 11, 46s S11 1´ p165, 85, 85q
Table 4: Non-trivial binary pairwise non-equivalent self-orthogonal codes obtained from weakly self-
orthogonal designs using Theorem 1 (Case 4)
Using Theorems 6,10,14 and 18, we constructed binary self-orthogonal codes from the orbit
matrices of the weakly self-orthogonal 1-designs on less than 165 points (including). In order
to construct the orbit matrices we determined orbits of all cyclic subgroups of prime order of
the group M11 acting with orbits of the same length.
C AutC or #AutC Design
r22, 8, 4s Z2 ˆ ppppppZ2 ˆD8q : Z2q : Z3q : Z2q : Z2q ˆ ppE24 : A5q : Z2q ˆ S4q 1´ p110, 72, 36q
r10, 4, 4s Z2 ˆ ppE24 : A5q : Z2q
r22, 2, 4s S10 ˆ S8 ˆD8 1´ p110, 36, 18q
r10, 5, 2s Z2 ˆ ppE24 : A5q : Z2q 1´ p110, 2, 1q
r22, 3, 4s S10 ˆ S8 ˆD8 1´ p110, 74, 37q
r22, 9, 2s Z2 ˆ ppppppZ2 ˆD8q : Z2q : Z3q : Z2q : Z2q ˆ ppE24 : A5q : Z2q ˆ S4q 1´ p110, 38, 19q
r22, 3, 2s 218 ¨ 38 ¨ 54 ¨ 72 1´ p110, 10, 1q
r22, 11, 2s Z2 ˆ pppE25 : A6q : Z2q ˆ ppE24 : A5q : Z2q 1´ p110, 18, 9q
r22, 2, 12s 218 ¨ 38 ¨ 54 ¨ 72 1´ p110, 20, 10q
Table 5: Non-trivial binary pairwise non-equivalent self-orthogonal codes obtained from the orbit
matrices of the self-orthogonal 1-designs on 110 points using Theorem 6 (Case 1)
C AutC or #AutC Design
r12, 4, 4s E22 ˆ ppE24 : A5q : Z2q 1´ p132, 20, 20q
r12, 2, 6s pS6 ˆ S6q : Z2 1´ p132, 6, 1q
r12, 5, 4s˚ ppE25 : A6q : Z2q : Z2 1´ p132, 40, 40q
r12, 5, 4s˚ pE24 : A5q : Z2 1´ p132, 46, 46q
r12, 2, 2s Z2 ˆ S10 1´ p132, 30, 15q
r12, 5, 2s E22 ˆ ppE24 : A5q : Z2q 1´ p132, 50, 50q
r12, 11, 2s˚ 29 ¨ 34 ¨ 52 ¨ 7 1´ p132, 22, 2q
r12, 1, 10s 29 ¨ 34 ¨ 52 ¨ 7 1´ p132, 11, 40q
r12, 5, 2s E22 ˆ ppE24 : A5q : Z2q 1´ p132, 82, 82q
Table 6: Non-trivial binary pairwise non-equivalent self-orthogonal codes obtained from the orbit
matrices of the self-orthogonal 1-designs on 132 points using Theorem 6 (Case 1)
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C AutC or #AutC Design
r72, 4, 12s 79206 ¨ 241 ¨ 319 ¨ 56 ¨ 77 ¨ 13 ¨ 17 ¨ 19 ¨ 23
1´ p144, 12, 1q
r48, 6, 4s 241 ¨ 320 ¨ 56 ¨ 73 ¨ 113
r72, 4, 12s ppE24 : Z3q : Z2q : Z2 1´ p144, 56, 56q
r48, 20, 8s Z2 ˆ pS4 ˆ S4q : Z2q
r72, 22, 12s ppE24 : Z3q : Z2q : Z2 1´ p144, 66, 30q
r48, 16, 8s pS3 ˆ S3q : Z2
Table 7: Non-trivial binary pairwise non-equivalent self-orthogonal codes obtained from the orbit
matrices of the self-orthogonal 1-designs on 144 points using Theorem 6 (Case 1)
C AutC or #AutC Design
r33, 10, 4s 2048
1´ p165, 48, 48q
r15, 4, 8s A8
r33, 8, 8s E22 ˆ ppE25 ˆD8q : Z2q 1´ p165, 72, 72q
r33, 2, 16s 227 ¨ 312 ¨ 55 ¨ 72 ¨ 112 1´ p165, 80, 80q
Table 8: Non-trivial binary pairwise non-equivalent self-orthogonal codes obtained from the orbit
matrices of the self-orthogonal 1-designs on 165 points using Theorem 6 (Case 1)
C AutC or #AutC Design
r67, 33, 4s 214
1´ p165, 116, 116q
r31, 15, 8s PSLp5, 2q
r67, 33, 4s
1´ p165, 84, 84q
r31, 15, 4s 225 ¨ 36 ¨ 53 ¨ 72 ¨ 11 ¨ 13
r67, 33, 4s E23 ˆ ppZ2 ˆ pZ4 ˆ Z2q : Z2q : Z2qq : Z2q 1´ p165, 36, 36q
Table 9: Non-trivial binary pairwise non-equivalent self-orthogonal codes obtained from the orbit
matrices of the weakly self-orthogonal 1-designs on 165 points using Theorem 10 (Case 2)
C AutC or #AutC Design
r4, 2, 2s D8 1´ p22, 1, 1q
r10, 5, 2s Z2 ˆ pE24 : S5q 1´ p55, 1, 1q
r12, 6, 2s ppE25 : A6q : Z2q : Z2 1´ p66, 21, 21q
r12, 6, 4s pE25 : A6q : Z2q 1´ p66, 21, 21q
Table 10: Non-trivial binary pairwise non-equivalent self-orthogonal codes obtained from the orbit
matrices of the weakly self-orthogonal 1-designs on 22, 55 and 66 points using Theorem
14 (Case 3)
4 RESULTS 22
C AutC or #AutC Design
r44, 22, 4s 219 ¨ 10! ¨ 8! ¨ 4! 1´ p110, 73, 73q
r44, 22, 2s 220 ¨ 10! ¨ 8! ¨ 4! 1´ p110, 37, 37q
r44, 22, 4s 221 ¨ 22! 109´ p110, 109, 1q
r44, 22, 2s 220 ¨ 10! ¨ 15! ¨ 8! ¨ 4! 1´ p110, 9, 9q
r44, 22, 4s 230 ¨ 34 ¨ 52 1´ p110, 81, 81q
r44, 22, 4s 237 ¨ 38 ¨ 54 ¨ 72 1´ p110, 101, 101q
r44, 22, 4s 240 ¨ 39 ¨ 54 ¨ 73 ¨ 112 ¨ 13 ¨ 17 ¨ 19 109´ p110, 109, 1q
Table 11: Non-trivial binary pairwise non-equivalent self-orthogonal codes obtained from the orbit
matrices of the weakly self-orthogonal 1-designs on 110 points using Theorem 14 (Case 3)
C AutC or #AutC Design
r24, 12, 4s E210 : pA6 ˆA6q : D8 1´ p132, 5, 5q
r14, 2, 2s Z2 ˆ S12 1´ p132, 11, 1q
r24, 12, 2s D8xpE210 : S5q 1´ p132, 21, 21q
r24, 12, 4s E210 : pA6 ˆA6q : D8 1´ p132, 7, 7q
r24, 12, 6s ppE26 : pZ2.A6qq : Z2 1´ p132, 25, 25q
r24, 12, 4s E211 ¨ S12 1´ p132, 11, 11q
r24, 12, 8s˚ M24 1´ p132, 27, 27q
r14, 12, 6s S6 ˆ S8 1´ p132, 55, 5q
r24, 12, 4s E210 : ppZ3.A6q : Z2q 1´ p132, 31, 31q
r24, 12, 2s 212 ¨ 10! 1´ p132, 61, 61q
Table 12: Non-trivial binary pairwise non-equivalent self-orthogonal codes obtained from the orbit
matrices of the weakly self-orthogonal 1-designs on 132 points using Theorem 14 (Case 3)
4 RESULTS 23
C AutC or #AutC Design
r144, 72, 2s 272 ¨ 72!
1´ p144, 1, 1q
r96, 48, 2s 248 ¨ 48!
r144, 72, 2s
1´ p144, 11, 11q
r96, 48, 4s 283 ¨ 320 ¨ 76 ¨ 56 ¨ 113
r144, 72, 10s
1´ p144, 11, 11q
r96, 48, 12s pS2 ˆ S3q : Z2
r144, 72, 12s
1´ p144, 55, 55q
r96, 48, 8s Z2 ˆ Z3 ˆ S3
r144, 72, 12s
1´ p144, 23, 23q
r96, 48, 16s ˚ ˚pbest knownq D12
r144, 72, 8s
1´ p144, 67, 67q
r96, 48, 8s Z2 ˆ ppS3 ˆ S3q : Z2q
r144, 72, 6s
1´ p144, 67, 67q
r96, 48, 4s
r96, 48, 8s pE23 ˆ S3q : Z2 1´ p144, 67, 67q
r144, 72, 6s
1´ p144, 77, 77q
r96, 48, 4s 229 ¨ 32
r96, 48, 8s pE23 ˆ S3q : Z2 1´ p144, 77, 77q
r144, 72, 8s
1´ p144, 77, 77q
r96, 48, 8s Z2 ˆ ppS3 ˆ S3q : Z2q
r144, 72, 12s
1´ p144, 121, 121q
r96, 48, 14s D12
r144, 72, 12s 1´ p144, 121, 121q
r144, 72, 12s
1´ p144, 89, 89
r96, 48, 8s Z2 ˆ Z2 ˆ S3
r96, 48, 12s pS3 ˆ S3q : Z2 1´ p144, 133, 133q
r144, 72, 2s
1´ p144, 133, 133q
r96, 48, 4s
r96, 48, 4s 143´ p144, 143, 1q
Table 13: Non-trivial binary self-orthogonal codes obtained from the orbit matrices of the weakly
self-orthogonal 1-designs on 144 points using Theorem 14 (Case 3)
C AutC or #AutC Design
r66, 33, 2s 264 ¨ 315 ¨ 57 ¨ 74 ¨ 113 ¨ 132 ¨ 17 ¨ 19 ¨ 23 ¨ 29 ¨ 31
1´ p165, 129, 129q
r30, 15, 2s˚ 226 ¨ 36 ¨ 53 ¨ 72 ¨ 11 ¨ 13
r66, 33, 4s E23 ˆ ppZ2 ˆ pZ4 ˆ Z2q : Z2q : Z2qq : Z2q 1´ p165, 81, 81q
r30, 15, 6s Z2 ˆ pE24 : A8q
r66, 33, 2s 1´ p165, 49, 49q
Table 14: Non-trivial binary pairwise non-equivalent self-orthogonal codes obtained from the orbit
matrices of the weakly self-orthogonal 1-designs on 165 points using Theorem 14 (Case 3)
4 RESULTS 24
C AutC or #AutC Design
r34, 9, 6s E22 ˆ ppE22 ˆ ppZ2 ˆD8q : Z2qq : Z2 1´ p165, 109, 109q
r16, 5, 8s˚ E24 : A8
r34, 3, 10s 238 ¨ 313 ¨ 55 ¨ 72 ¨ 112 1´ p165, 61, 61q
r34, 11, 4s E22 ˆ ppE22 ˆD8q : Z2q 1´ p165, 85, 85q
Table 15: Non-trivial binary pairwise non-equivalent self-orthogonal codes obtained from the orbit
matrices of the weakly self-orthogonal 1-designs on 165 points using Theorem 18 (Case 4)
Using Theorem 8 and Theorem 16, we constructed binary self-orthogonal codes from the
orbit matrices of the weakly self-orthogonal 1-designs on less than 165 points (including). In
order to construct the orbit matrices we determined orbits of cyclic subgroup Z2 of the group
M11 acting with orbits of lengths 1 and 2.
C AutC or #AutC Design
r6, 2, 4s Z2 ˆ S4
1´ p22, 10, 10q
r8, 4, 2s Z2 ˆ S4
r6, 3, 2s Z2 ˆ S4 1´ p22, 2, 1q
Table 16: Non-trivial binary pairwise non-equivalent self-orthogonal codes obtained from the orbit
matrices of the self-orthogonal 1-designs on 22 points using Theorem 8 (Case 1)
C AutC or #AutC Design
r10, 2, 4s Z2 ˆ S4 ˆ S4
1´ p66, 20, 20q
r28, 4, 10s 509607936
r10, 3, 4s Z2 ˆ S4 ˆ S4 1´ p66, 46, 46q
Table 17: Non-trivial binary pairwise non-equivalent self-orthogonal codes obtained from the orbit
matrices of the self-orthogonal 1-designs on 66 points using Theorem 8 (Case 1)
4 RESULTS 25
C AutC or #AutC Design
r52, 20, 4s 240 ¨ 36 1´ p110, 72, 36q
r52, 4, 18s 240 ¨ 316 ¨ 54 1´ p110, 36, 18q
r52, 24, 2s 249 ¨ 311 ¨ 54 ¨ 73 ¨ 112 ¨ 13 ¨ 17 ¨ 19 ¨ 23 1´ p110, 2, 1q
r14, 2, 4s Z2 ˆ S8 ˆ S4
1´ p110, 36, 18q
r48, 4, 18s 237 ¨ 315 ¨ 54
r14, 7, 2s Z2 ˆ ppE26 : A7q : Z2q 1´ p110, 2, 1q
r48, 24, 2s 246 ¨ 310 ¨ 54 ¨ 73 ¨ 112 ¨ 13 ¨ 17 ¨ 19 ¨ 23
r14, 4, 4s pppppZ2 ˆD8q : Z2q : Z3q : Z2q : Z2q ˆ S6
1´ p110, 36, 36q
r48, 20, 4s 237 ¨ 35
r14, 5, 2s pppppZ2 ˆD8q : Z2q : Z3q : Z2q : Z2q ˆ S6 1´ p110, 39, 19q
r14, 6, 4s Z2 ˆ pppE26 : A7q : Z2q 1´ p110, 72, 72q
r14, 3, 4s Z2 ˆ S8 ˆ S4 1´ p110, 74, 37q
r52, 4, 10s 245 ¨ 322 ¨ 510 ¨ 75 ¨ 11 1´ p110, 10, 1q
r52, 24, 2s 227 ¨ 35 1´ p110, 18, 9q
Table 18: Non-trivial binary pairwise non-equivalent self-orthogonal codes obtained from the orbit
matrices of the self-orthogonal 1-designs on 110 points using Theorem 8 (Case 1)
C AutC or #AutC Design
r60, 24, 8s Z2 ˆ S4 1´ p132, 20, 20q
r60, 8, 6s 249 ¨ 323 ¨ 511 ¨ 72 ¨ 11 1´ p132, 6, 1q
r60, 28, 6s˚ S4 1´ p132, 40, 40q
r12, 3, 4s ppppppA4 ˆ A4q : Z2q ˆ A4q : Z2q : Z3q : Z2q : Z2
1´ p132, 12, 1q
r60, 4, 12s 253 ¨ 326 ¨ 510 ¨ 75 ¨ 115
r12, 3, 6s˚ ppppZ2 ˆ pE24 : Z2qq : Z2q : Z3q : Z2q : Z2 1´ p132, 66, 6q
r60, 20, 12s˚ S4 1´ p132, 32, 32q
r12, 2, 8s˚ ppppppA4 ˆ A4q : Z2q ˆ A4q : Z2q : Z3q : Z2q : Z2 1´ p132, 100, 100q
r12, 4, 4s pppppZ2 ˆ pE24 : Z2qq : Z2q : Z3q : Z2q : Z2q : Z2 1´ p132, 32, 16q
r60, 20, 8s 234 ¨ 32
r60, 24, 4s 252 ¨ 36 1´ p132, 60, 30q
r60, 8, 20s 234 ¨ 32 1´ p132, 30, 15q
r60, 28, 2s 256 ¨ 314 ¨ 56 ¨ 74 ¨ 112 ¨ 132 ¨ 17 ¨ 19 ¨ 23 1´ p132, 2, 1q
r60, 4, 20s ppppppA4 ˆ A4q : Z2q ˆ A4q : Z2q : Z3q : Z2q : Z2 1´ p132, 92, 46q
Table 19: Non-trivial binary pairwise non-equivalent self-orthogonal codes obtained from the orbit
matrices of the self-orthogonal 1-designs on 132 points using Theorem 8 (Case 1)
C AutC or #AutC Design
r12, 6, 2s pE25 ˆ A6q : E22 1´ p22, 1, 1q
r16, 8, 2s pE27 : A8q : pZ2 ˆ Z2q
r12, 6, 4s E25 : S6 21´ p22, 21, 1q
Table 20: Non-trivial binary pairwise non-equivalent self-orthogonal codes obtained from the orbit
matrices of the weakly self-orthogonal 1-designs on 22 points using Theorem 16 (Case 3)
4 RESULTS 26
C AutC or #AutC Design
r20, 10, 2s 218 ¨ 34 ¨ 52 ¨ 7
1´ p66, 1, 1q
r56, 28, 2s 253 ¨ 313 ¨ 56 ¨ 74 ¨ 112 ¨ 132 ¨ 17 ¨ 19 ¨ 23
r20, 10, 2s ppE25 : A6q : Z2q ˆ pppppZ2 ˆD8q : Z2q : Z3q : Z2q : Z2q 1´ p66, 21, 21q
r56, 28, 4s 239 ¨ 35
r20, 10, 4s ppppZ2 ˆD8q : Z2q : Z3q : Z2q ˆ ppE25q : A6q : Z2q 1´ p66, 45, 45q
r20, 10, 4s 217 ¨ 34 ¨ 55 ¨ 7 65´ p66, 65, 1q
Table 21: Non-trivial binary pairwise non-equivalent self-orthogonal codes obtained from the orbit
matrices of the weakly self-orthogonal 1-designs on 66 points using Theorem 16 (Case 3)
C AutC or #AutC Design
r12, 6, 2s ppE25 : A6q : Z2q : Z2 1´ p110, 1, 1q
r104, 52, 2s p˚˚q
r104, 52, 2s 1´ p110, 73, 73q
r104, 52, 2s 1´ p110, 37, 37q
r28, 14, 2s 225 ¨ 35 ¨ 52 ¨ 72 ¨ 11 ¨ 13
1´ p110, 1, 1q
r96, 48, 2s p˚ ˚ ˚q
r28, 14, 2s 224 ¨ 34 ¨ 52 ¨ 7
1´ p110, 37, 37q
r96, 48, 4s p˚ ˚ ˚q
r28, 14, 4s 223 ¨ 34 ¨ 52 ¨ 7
1´ p110, 73, 73q
r96, 48, 4s
r28, 14, 4s 224 ¨ 35 ¨ 52 ¨ 72 ¨ 11 ¨ 13 109 ´ p110, 109, 1q
r104, 52, 2s 1´ p110, 9, 9q
r104, 52, 2s 1´ p110, 73, 73q
r104, 52, 4s 1´ p110, 81, 81q
r104, 52, 4s 1´ p110, 29, 29q
r104, 52, 2s 1´ p110, 37, 37q
r104, 52, 2s 1´ p110, 101, 101q
r104, 52, 2s 109 ´ p110, 109, 1q
p˚˚q2101 ¨ 323 ¨ 512 ¨ 78 ¨ 114 ¨ 134 ¨ 173 ¨ 192 ¨ 232 ¨ 29 ¨ 31 ¨ 37 ¨ 41 ¨ 43 ¨ 47
p˚ ˚ ˚q294 ¨ 322 ¨ 510 ¨ 76 ¨ 114 ¨ 133 ¨ 172 ¨ 192 ¨ 232 ¨ 29 ¨ 31 ¨ 37 ¨ 41 ¨ 43 ¨ 47
Table 22: Non-trivial binary self-orthogonal codes of the orbit matrices obtained from the weakly
self-orthogonal 1-designs on 110 points using Theorem 16 (Case 3)
4 RESULTS 27
C AutC or #AutC Design
r120, 60, 2s 1´ p132, 1, 1q
r120, 60, 2s 1´ p132, 5, 5q
r120, 60, 10s 1´ p132, 21, 21q
r120, 60, 2s 1´ p132, 7, 7q
r120, 60, 8s 1´ p132, 25, 25q
r120, 60, 2s 1´ p132, 11, 11q
r120, 60, 10s 1´ p132, 27, 27q
r64, 4, 32s 1´ p132, 55, 55q
r120, 60, 8s 1´ p132, 31, 31q
r120, 60, 8s 1´ p132, 101, 101q
r120, 60, 10s 1´ p132, 105, 105q
r120, 60, 2s 1´ p132, 121, 121q
r120, 60, 8s 1´ p132, 107, 107q
r120, 60, 2s 1´ p132, 125, 125q
r120, 60, 10s 1´ p132, 111, 111q
r64, 4, 12s 1´ p132, 121, 11q
r120, 60, 2s 1´ p132, 127, 127q
r120, 60, 2s 1´ p132, 61, 61q
r120, 60, 2s 1´ p132, 31, 31q
r120, 60, 2s 1´ p132, 91, 91q
r120, 60, 2s 1´ p132, 41, 41q
r120, 60, 2s 1´ p132, 101, 10q
r120, 60, 2s 1´ p132, 71, 71q
Table 23: Non-trivial binary self-orthogonal codes obtained from the orbit matrices of the weakly
self-orthogonal 1-designs on 132 points using Theorem 16 (Case 3)
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